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Abstract— Weextend the concept of capture point for humanoidsto the presence of persistent known disturbances,
such as constant or sinusoidal forces. An analytical general solution is provided for the Linear Inverted Pendulum
given any known input function, allowing not only the removal of some previous difficulties in the use of the capture
point, but also its extension to more general situations.
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I. INTRODUCTION
Some of the recent research on humanoids investigates the capabilities of recovering from external disturbances such
as a sudden push; this problem is known as "Push Recovery'' and different strategies have been proposed. The seminal
paper of Pratt [1] introduced the capture point as the point on the ground where the humanoid had to step in order to
come to a complete stop after the push has vanished. The analysis carried on the Linear Inverted Pendulum (LIPM) was
enriched with the use of an ankle torque or a flywheel to maintain balance before a step was needed. A complementary
result defining decision surfaces was presented in [2]. An interesting extension was presented in [3] with the introduction
of the Foot Point Estimation where a nonlinear model of a rimless wheel with only two spokes was used instead of the
LIPM allowing the inclusion of the energy loss due to the ground impact. We refer to the bibliography of [4] for a
complete overview.
One of the difficulties, even with the LIPM, has been to single out the non-diverging solution of the pendulum
dynamics given a generic input. In most cases the input has either been considered piecewise constant or periodical. In
this paper we give the analytical solution of this particular bounded trajectory for a given input and therefore allowto
extend the concept of capture point in the presence of known disturbances acting on the system.
After a quick review of the LIPM model the concept of Capture Point is recalled and explained in detail. The general
result is presented in Section IV and a possible interesting applicationis discussed in Section V for illustration purposes:
recovery under the effect of a persistent sinusoidal push.
II.
THE LINEAR INVERTED PENDULUM
Let us consider the basic dynamic equations of the Linear Inverted Pendulum LIPM [5], [4] in the sagittal plane
F
Ý
xÝc   o2 x c   o2 u 
(1)
m
with x c the centre of mass (CoM) x -position of the concentrated m ,  o  g / z o the pendulum angular frequency, z o
the constant height of the centre of mass, u a control input and F a disturbance force acting in the x -direction as
illustrated in Fig. 1. How this LIPM model
 applies to a real humanoid is shown in Fig. 2.





 



Fig. 1 - The Linear Inverted Pendulum (LIPM)
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Fig. 2 - An example of the LIPM concept
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Following the clear formulation of [4], the linear dynamic equation (1) can represent three simple basic gait models as
summarized in TABLE I.
Table I. Three Simple Gait Models
Type
Input u
point-foot location x a
Point-foot

x cop  x a 

Finite-sized foot



x cmp  x
a 

Reaction mass

a

mg

 a  h
mg


with x cop the centre of pressure, x cmp the centroidal moment pivot of pressure,  a an ankle torque and  h a hip torque
acting on a reaction mass. For flat foot contact on a horizontal
surface the centre of pressure coincides with the Zero

x

x
Moment Point (ZMP) [6] i.e. cop
zmp . In this context, the CoP is used as a control input.





III.
THE CAPTURE POINT
Several points on the ground such as the ZMP, CMP or FRI (Foot Rotation Indicator) have been identified as of
particular interest in
the control of legged robots [7]. Later the Capture Point (CP) was presented in [1] as a basic tool for
analyzing and controlling push recovery.


The Capture Point concept was introduced in a pure free response (i.e. zero input) context: the basic definition was
“the point on the ground where the humanoid had to step in order to come to a complete stop” after an impulsive push.
The scenario considers the humanoid, right after an impulsive push, in the state (x c (0), xÝc (0)) . To have a converging
unforced response, this initial state should belong to the stable manifold  s generated by  o . We have then the
following Capture Point condition
 1 
x c (0) 
(2)

  s  gen  
 o 
xÝc (0) 


Assuming instantaneous displacement of the swinging leg and no change in the initial velocity (no loss of energy due
to impact), the new configuration should then be ( xÝc (0) / o , xÝc (0))   s which is equivalent, as shown in Fig. 3 for a
positive initial velocity, to stepping in the new location

xÝ (0)
x c (0)  c
 x cp
(3)
o

which is usually defined as the Capture Point x cp .After this particular instantaneous step, the pendulum would
naturally in an unforced and stable way regain its upright position in the new foot location x cp .






Fig. 3 – A graphical explanation of the capture point
We have the following interpretations of the Capture Point condition (2).
 Fixed initial velocity - Make a step in x cp (ideal LIPM case) maintaining the original velocity xÝc (0) .
Fixed initial position - Change instantaneously the velocity to o x c (0) , this would let the pendulum go back to
the vertical position in x c .
 Find the appropriate control input so that, at a desired instant t  the CoM will finditself satisfying the Capture

Point condition (2). A similar controllability approach has been used in [8] for the ZMP.


When the input, as an ankle or flywheel torque, is taken into account explicitly, it is usually constrained to be
 CoP idea. Once the input structure has been decided, it
piecewise-constant as in [1] or in [4] with theEquivalent Constant
is possible to compute where the final state will be at the end of the input duration t  t f i.e. when the free response will
start. This solution is parametrizedw.r.t. the initial conditions at t  0, therefore forcing this final state to be on the stable
manifold allows to back propagate this condition to the initial state in t  0.
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Itis still a zero-input concept, as it should be, since the disturbance or the input is considered to be time-limited.
A slightly different point of view is adopted in [2] where the balancing conditions under ankle and/or flywheel torque
restrictions are studied. For example, a saturated torque can be translated in a limitation on the support region through the
CoP or equivalently into a finite-sized foot. Therefore we have balancing if the CP stays within this region. In other terms
the support region for a finite-sized foot can be seen as a capture region for an equivalent LIPM with point foot. The
same applies when a flywheel is added.
IV. MAIN RESULT
We first illustrate different state-space representations of the LIPM system and convert the capture point condition.
This will allow us to state and solve our problem.
A. LIPM equivalent state-space representations
The state-space representation in the CoM position and velocity (x c , xÝc ) coordinates is

x 
 0 1 
 0 
Sc :  c  Ac   2
, Bc   2 
xÝc 
 o 0
 o 

(4)

The same system can however be looked at choosing the
capture point as one of the coordinates
x c  1
0 x c 
  
 
x cp  1 1/  o xÝc 

leading to

(5)

x c 
  
 0 
o
Scp :   Acp   o
, Bcp   
x cp 
 o 
 0  o 

(6)

The same change of coordinates has been used in [9] in the finite-sized foot case i.e. with input u x zmp .Another useful
representation is along the stable and unstable eigenvectors also called in [10] the “convergent and divergent components
of motion”



which results in

x s  1 1/  o x c 
 
  
x u  1 1/  o xÝc 



(7)


 
x 
0 
Ssu :  s  Asu   o
, Bsu   o 
 0  o 
 o 
 x u 

(8)

It has been noted in [4]that x s corresponds to the “point reflection of the instantaneous capture point across the
projection of the point mass onto the ground”. Note that we have x s  2x c  x cp . In both Scp and Ssu the stable and
unstable dynamics are clearly isolated, while the connection is different, series in Scp and parallel in Ssu .




B. Problem formulation
 lies in condition (2)
which
The key point in the introduction of the capture point concept
can be rewritten for the Ssu


coordinates as

1 
x c (0) 

  s  gen  
x cp (0) 
0

(9)

in other words the condition simply states that the unstable dynamics -- x cp or equivalently x u -- should not be
excited by the initial conditions while the stable part is totally irrelevant. Let us consider the two sub-systems of Scp i.e.
the unstable dynamics of x cp




and the stable one



xÝcp   o x cp  
ou
Sdiv : 
y1  x cp


xÝ   o x c   o x cp
Sconv :  c
y2  xc






(10)

(11)

We need to concentrate only on the unstable system Sdiv . The capture point problem reduces to that of finding the
proper initial condition of Sdiv so that the unforced evolution remains bounded. In this trivial formulation the answer is
obviously 0.
The extension we would like
to introduce considers the same problem but for the total response, unforced plus forced


terms, thus allowing also taking into account disturbances
or the effect of control inputs in the generation of stable gaits

for a humanoid.
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Problem
For the unstable system Sdiv , find the proper initial conditions so that, given a known input u(t) , the total response
remains bounded.
The term “bounded” here is referred to the given input, i.e. we want to avoid the divergence due to the unstable
eigenvalue  o and obtain a behaviour similar to the concept of steady-state. If the input is for example a ramp we can


admit a similar behaviour
for the sought solution even if it is diverging.
We will use the early result of [11] - p. 1406 - or equivalently of [12].Although at first this may seem quite
counterintuitive, just think about letting a coin roll on the cutting edge of an inclined knife: this is possible only for some

specific
initial conditions.
C. Analytical solution
We will state directly the result on the unstable dynamics (10) of Sdiv but obviously the result is general. The complete
solution

e

t  ( t _ )
o

x cp (t)  e t x cp (0) 
o

0

u( )d

(12)


in general diverges, but if among all possible initial conditions
we choose




x cp
(0)   o

we obtain the particular solution

x cp
(t)   o



 _ 
o

e

0

 _ 
o
0

e

u( )d

(13)

u(  t)d

(14)

cp

which is bounded under mild
boundedness conditions on the input u(t) . In a very broad sense x (t) is a form of

“steady-state” solution associated to a given input u(t) .Obviously if u(t)  0 the resulting initial condition x cp
(0) is also
equal to 0 consistently with the Capture Point condition.
It is important to notice that
the particular solution (14) is non-causal
since the actual trajectory
requires knowledge of


future values of the input. Although it may sound odd it has already been noticed in [5] where an identical problem has

been tackled for the stable generation of 
a CoM trajectory associated
to a given desired ZMP one. 
In this framework we can now turn to the stable dynamics Sconv , for which a true steady-state solution exists, driven by

the input x cp
(t) . The particularity of this equation is that the input starts theoretically at  . Therefore we can split the

input into a past forcing term that brings the CoM in an initial state x cp
(0) and then add the forced response to the
present and future input. This can be written as


x c (t)  lim x c (t)

t 
0

e

_ o t

 o
 o



t




x (0)   o e _  o ( t _ ) x cp
( )d

cp




0


0

e

 o

0

(15)

x (t   )d

cp


e _  o x cp
(t   )d

i.e. we choose the particular initial condition

x c (0)   o



0



e  x cp
( )d
o

(16)


to select the steady-state behaviour
associated to the given input x . Note that, with these particular choices, we have
associated to a given input a unique state bounded trajectory. This is achieved choosing an input-dependent initial
condition, both in the stable and unstable dynamics, so there is a one-to-one correspondence between the input and this
particular trajectory. It is true, as clearly shown in both the unstable and stable special chosen trajectories, that we need to

know the input for all future time. Usually this for a stable
system is not considered a problem while for the unstable case
it is sometimes pointed out, with no reason, as a drawback.
We can directly obtain the CoM corresponding evolution by summing both contributions and obtain
x c (t) 

o
2



 _ 
o
0

e


cp

[u(t   )  u(t   )]d

(17)

V. APPLICATION EXAMPLE
Imagine the humanoid being pushed by a sinusoidal force

F(t)  sin(t) 1 (t T )
(18)
For example, the effect of a sinusoidal boat rolling could be seen as a disturbance in the lateral (or even sagittal) plane.
Again we may have two different approaches, one trying to contrast the induced movement (pure disturbance
cancellation) or adapt to the rolling. The energy consumption differences resulting from these two alternatives are quite

evident.
The ideal CP trajectory, using the ideal solution, is
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  o sin T  cos T  o ( t _T )

e
if t  T


m o ( o2  2 )

x cp (t) 
(19)
 sin t  cos t

 o
if
t

T

m o ( o2  2 )

The resulting CoM trajectory can be computed also as the total response from the initial condition
 sin T  cos T
x c (T )   o
(20)
2m o ( o2  2 )


given input x cp
for t  T . An example of the final time evolution is reported in Fig. 4. First note that, after T , the
capture point is not constant but input-like as the steady-state behaviour of a linear system should be although the system
is unstable. The oscillation amplitude of the centre of mass and the capture point depend upon both the input frequency


angular frequency  o . Finally note that x cp
is not differentiable in T . This behaviour
and the pendulum

 is however



consistent since the discontinuity of the input F implies that of the velocity. Note however that both x c and xÝc are
continuous.






Fig. 4 – Sinusoidal disturbance: center of mass and capture
point ideal trajectories





Fig. 5 – Sinusoidal disturbance: an anticipative step u a (t)
counterbalances the future sinusoidal disturbance

An interesting situation is also reported in Fig. 5 where a proper amplitude anticipative step is applied in order to cope

with the known future sinusoidal input that will be applied on the humanoid.
VI.
CONCLUSIONS
In this paper we have explored the effect of disturbances on the simple but representative LIPM model of a humanoid.
In particular we have shown that, if the disturbance is known a priori, we can select particular initial conditions in order
to make the final state trajectories, when the disturbance is applied, non diverging. These closed-form solutions give an
insight on how to use as much as possible the natural dynamics of the humanoid.
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