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Abstract - This paper presents comparative study of different single image S R algorithms and takes deep drive on a new approach to
single-image super-resolution, based upon S parse Mixing Estimators. We introduce a class of inverse problem estimators computed by
mixing adaptively a family of linear estimators corresponding to different priors. S parse mixing weights are calculated over blocks of
coefﬁcients in a frame providing a sparse signal representation. They minimize an l 1 norm taking into account the signal regularity in
each block. Adaptive directional image interpolations are computed over a wavelet frame with an algorithm, providing state -of-the-art
numerical results [1]. This algorithm generates high-resolution images that are competitive or even superior in quality to images
produced by other similar S R methods.
Keywords— Super-resolution (S R), Interpolation, Wavelet, mixing estimator, S parse representation.

I. INTRO DUCTION
Super-Resolution (SR) is a technique to increase the
resolution of an image or a sequence of images beyond the
resolving power of the imaging system. The resolution of an
image is defined as the amount of fine details that are visib le.
Nowadays Super-resolution image reconstruction is a active
area of research, as it is capable of overco ming some
resolution limitations of lo w-cost imag ing sensors such as
Cell phone cameras. This allo ws better utilization of the
growing capability of high-resolution displays such as highdeﬁnition LCDs. Such resolution enhancing technology is
important in medical imag ing and satellite imag ing where
diagnosis or analysis fro m low-quality images can be
extremely difficult.
Conventional approaches to generating a superresolution image normally require as input mu ltip le lo wresolution images of the same scene, which are aligned with
sub-pixel accuracy [2]. The SR task is cast as the inverse
problem of recovering the original high-resolution image by
fusing the low-resolution images, based on reasonable
assumptions or prior knowledge about the observation model
that maps the high-resolution image to the low-resolution
ones. The fundamental reconstruction constraint for SR is
that the recovered image, after applying the same generation
model, should reproduce the observed low-resolution images.
However, SR image reconstruction is generally a severely illposed problem because of the insufficient number of lo wresolution images, ill-conditioned registration and unknown
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blurring operators and the solution from the reconstruction
constraint is not unique [3], [4], [5], [6]. Various
regularizat ion methods have been proposed to further
stabilize the inversion of this ill-posed problem. Ho wever,
the performance of these reconstruction-based SR algorith ms
degrades rapidly when the desired magnificat ion factor is
large or the nu mber of available input images is small.
Another SR approach is based upon interpolation, while
simp le interpolation methods such as Nearest Neighbour
interpolation, Bilinear interpolation, Bicubic interpolation
and Cubic spline interpolation tend to generate overly
smooth images with ringing and jagged artefacts,
interpolation by explo iting the natural image priors will
generally produce more favourable results [7].
Signal acquisition and restoration often requires
solving an inverse problem. It amounts to estimate a signal f
fro m measurements y, obtained through a linear operator U,
and contaminated by an additive noise w
y = Uf + w
Image interpolat ion is an important examp le, where U is a
sub-sampling operator. Many image display devices have
zoo ming abilities that interpolate input images to adapt their
size to h igh resolution screens. For examp le, high deﬁnit ion
televisions include a spatial interpolator which increases the
size of standard deﬁnition videos to match the high deﬁnit ion
screen format and possibly imp rove the image quality. Th is
paper introduces a general class of nonlinear inverse
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estimators obtained with an adaptive mixing of linear
estimators, with applications to image interpolation.
Many families of linear interpolators have been
studied, producing interpolation errors which depend upon
the amount of aliasing. Bicubic or cubic spline interpolators
most often provide nearly the best results among linear
operators [8]. Nonlinear algorith ms can take into account
more adaptive image models wh ich often improve linear
interpolators, in which case they are loosely called superresolution algorith ms. Direct ional image interpolations take
advantage of the geometric regularity of image structures by
performing the interpolat ion in a chosen direction along
which the image is locally regular. The main d ifficulty is to
locally identify this direct ion of regularity. Along an edge,
the interpolation direction should be parallel to the edge.
Many adaptive interpolations have been, thus, developed
with edge detectors [9] and by ﬁnding the direction of
regularity with gradient operators [10], [11]. More global
image models impose image s moothness priors such as a
bounded total variat ion to optimize the interpolation [12].
Other image smoothness priors have also been used to
compute interpolated images with alternate project ions on
convex sets [15]. These algorith ms can provide a better
image quality than a linear interpolator, but they also produce
artefacts so that the resulting PSNR remains of the same
order. The introductions of interpolators adapted to local
covariance image models have lead to more precise
estimators [16]. Th is approach has been improved by Zhang
and Wu [17] by using autoregressive image models
optimized over image blocks. In most cases, it currently
provides the best PSNR for spatial image interpolation.
Super-resolution interpolat ions can further be imp roved by
using a sequence of images [18] or a co mparison dataset [19]
to perform the interpolation. While these approaches can be
more accurate, they are much more demanding in
computation and memory resources.
Prior information on the image sparsity has also been
used for image interpolation. Wavelet estimators were
introduced to compute ﬁne scale wavelet coefﬁcients by
extrapolating larger scale wavelet coefﬁcients [20]. A more
general and pro mising class of nonparametric superresolution estimators assumes that the high resolution signal
f is sparse in some dictionary of vectors. This sparse
representation is estimated by decomposing the lowresolution measurements y in a transformed d ictionary. These
algorith ms, which are rev iewed in Sect ion II, have found
important applications for sparse spike inversion in
geophysics or image inpainting [21]. However, they do not
provide state-of-the-art results for image interpolation.
Section III describes a new c lass of adaptive inverse
estimators, calcu lated over a sparse signal representation in a
frame. It is obtained with a sparse adaptive mixing of a
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family of linear Tikhonov estimators, which are optimized
for different signal priors. Mixing linear estimators has been
shown to be very effective for noise removal. However, these
approaches do not apply to inverse problems because they
rely on a Stein unbiased empirical estimator of the risk,
which is then not valid.
Our inverse sparse mixing estimator is derived fro m
a mixture model of the measurements y. It is computed in
Section IV by minimizing an l1 norm over blocks of frame
coefﬁcients, with weights depending upon quadratic signal
priors. Section V describes a fast orthogonal block matching
pursuit algorithm which co mputes the mixing weights.
Linear mixture models have been studied over wavelet
coefﬁcients for image denoising [22].
II. SPARS E INVERS E PROB LEM ES TIMATION IN
DICTIONARIES
Sparse super-resolution estimat ions over dictionaries
provide effective nonparametric approaches to inverse
problems, but whose ﬂexib ility may become a source of errors.
These algorith ms are reviewed with their application to image
interpolation.
A signal f ∈ RN is estimated by taking advantage of
prior in formation wh ich species a d ictionary Φ ∈ R

N x P

having P colu mns corresponding to vectors {ΦP }1 ≤ p ≤ P where
f has a sparse approximation. This dict ionary may be a basis
or some redundant frame, with P ≥ N. Sparsity means that f is
well appro ximated by its orthogonal projection f˄ over a
subspace V˄ generated by a small nu mber M =  ׀˄ ׀of colu mn
vectors {ΦP } p ∈˄ of Φ, wh ich can be written
f˄= Φ(c1˄)
(1)
Where 1˄ is the indicator of the approximat ion set ˄,
c is the transform coefﬁcient vector, c1˄ selects the
coefﬁcients in ˄ and sets the others to zero, and Φ(c1˄ )
mu ltip lies the matrix Φ with the vector c1˄.
Measurements are obtained with a linear operator U,
with an additive noise w
y = Uf + w
(2)
If the nu mber of measurements is larger than the size M of the
approximation support ˄, then sparse inversion algorithms
try to estimate ˄ and the coefﬁcients c in ˄ that specify the
projection of f in the approximation space V˄. It results
fro m (1) and (2) that
y = UΦ(c1˄ )+w` with w`=U(f - f˄ )+w
(3)
This means that y is well appro ximated by the same sparse set
of coefﬁcient vector c over ˄ in the transformed dict ionary
UΦ, whose columns are the transformed vectors {ΦP }1 ≤ p ≤ P .
This vector c is, thus, estimated by ﬁnding a sparse
representation of y in UΦ. Since U is not an invertible
operator, this transformed dictionary is redundant, with
columns vectors which are linearly dependent. It results y that
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has an inﬁnite number of possible decompositions in this
dictionary.
A sparse approximation 𝑦 =UΦ 𝑐 of y can be calculated with
a basis pursuit algorith m wh ich minimizes a Lagrangian
penalized by an l1 norm [23]
1
2

‖y - UΦ𝑐 ‖2 + λ‖𝑐 ‖1

(4)

A sparse representation of y can also be calculated with
faster greedy matching pursuit algorith ms [ 22]. The resulting
sparse estimat ion of f is 𝑓 =Φ 𝑐 . The Restrictive Isometry
Property of Candes and Tao [24] and Donoho [25] is a strong
sufﬁcient condition which guarantees that the penalized l1
estimation is precise and stable. This restrictive isometry
property is valid for certain classes of rando m operators U but
not for structured operators such as a subsampling on a
uniform grid. For structured operators, the precision and
stability of this sparse inverse estimation depends upon the
“geometry” of the appro ximation support ˄ of f, wh ich is not
well understood mathematically, despite some sufﬁcient exact
recovery conditions proved by Tropp [26].
Several authors have applied this sparse superresolution algorith m for image interpolat ion and inpainting.
Curvelet frames and contourlet frames build sparse image
approximations by taking advantage of the image directional
regularity. Dict ionaries of curvelet frames have been applied
successfully to image inpainting [21]. For uniform grid
interpolations, Table I in Sect ion VI shows that the resulting
interpolation estimat ions are not as precise as linear bicub ic
interpolations. Table I shows that a contourlet algorithm [ 27]
can provide a slightly better PSNR than a bicubic
interpolation, but these results are below the state-of-the-art
obtained with adaptive directional interpolators [17].
Dict ionaries of image patches have also been studied for
image interpolations with sparse representations [3], but with
litt le PSNR imp rovements compared to bicubic interpolations.
A source of instability of these algorith ms co me fro m
their ﬂexibility, which does not incorporate enough prior
informat ion. The approximation space V˄ is estimated by
selecting the approximat ion support ˄, with no constraint. A
selection of M vectors, thus, corresponds to a choice of an
approximation space among ( 𝑃 ) possible subspaces. It does
𝑀

not take into account geometric image structures which create
dependencies on the choice of approximat ion vectors.
Structured approximation algorith ms use such prior
informat ion to restrict the set of possible approximat ion
spaces [28]. Since appro ximation vectors often appear in
groups, one can select simultaneously blocks of
approximation vectors [29], which reduces the number of
possible appro ximation spaces. The l1 penalization in (4) is
then replaced by a sum of the l2 norm over each block, which
results in a mixed l1 and l2 norm. Th is is also called a “group
lasso” optimization [31]. These structured approximations
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have been shown to improve the signal estimat ion in a
compressive sensing context for a rando m operator U [32].
However, for more unstable inverse problems such as image
interpolation, this regularization is not sufficient to reach
state-of-the-art results. The algorith m described below
computes an adaptive signal representation in blocks, but to
do so it also performs a strong linear regularization in each
block, wh ich is necessary to obtain accurate estimations for
highly unstable inverse problems. In the context o f image
zoo ming, th is linear regularizat ion depends upon the
directional image regularity.
III. MIXING ES TIMATORS OVER FRAME B LOCKS
Sparse super-resolution algorithms can be imp roved by
using more prior informat ion on the signal properties. This
section introduces a general class of sparse inverse estimators,
which are obtained as an adaptive mixing of linear Tikhonov
estimators, over blocks of vectors in a frame.
A. Linear Tikhonov Estimation
A Tikhonov regularizat ion optimizes a linear estimator by
imposing that the solution has a regularity specified by a
quadratic prior [23]. Suppose that f has a regularity wh ich is
measured by a quadratic regularity norm ‖RǾf ‖, where is a
linear RǾ operator. Sobolev norms are particu lar examp les
where RǾ is a differential operator. Let σ2 be the variance of
the noise w and Q be the number of samples. A Tikhonov
estimator co mputes 𝑓 =UǾ +y by minimizing ‖R𝑓 ‖2 subject to
1
𝑄

‖U 𝑓 − 𝑦‖2 ≤ σ2

(5)

The solution of this quadratic min imization problem is also
obtained by minimizing a Lagrangian
1
2

‖U 𝑓 − 𝑦‖2 + λ ‖R𝑓 ‖2

(6)

In Bayesian terms, this Lagrangian is minus the log of the
posterior distribution of the signal given the observations y,
whose minimization yields a maximu m a posterior estimator.
B. Mixing Estimation Over Blocks
An adaptive mixing estimat ion is computed fro m a family
of Tikhonov estimators {UǾ +}Ǿ ϵ ϴ optimized for different
regularity operators {RǾ +}Ǿ ϵ ϴ . For image interpolation, UǾ +
is an interpolator in a d irection Ǿ. A mixing estimat ion is
obtained by weighting the different estimators, emphasizing
some over others, depending upon the local signal regularity.
For image interpolations, it amounts to choose preferential
directions of interpolation.
A local mixture deco mposition represents a signal y as a
combination of b lock co mponents plus a residue yr.
y = 𝐵 𝜖 ß 𝑎 (B)yB + yr
(7)
Each b lock is selected if the mixing coefficient 𝑎 (B) is
close to 1, which means that 𝑅 ByB ‖ is small and it is
removed if 𝑎 (B) is close to 0.
The residual signal yr does not have a preferential
regularity with respect to any RǾ . A mixture estimator is
defined fro m a mixture model (7) by inverting each block

Page | 104

Vo lu me 2, Issue 4, April 2012
component yB with
estimator U+
𝑓=

𝐵𝜖ß

U+B
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and the residue with a generic

𝑎 (B)yB + yr

(8)

Inserting yB = 𝜓 (c1B ) together with (7) yields a mixing
estimator wh ich locally adapts the inverse operator to the
signal regularity.
𝑓 = U+y + 𝐵 𝜖 ß 𝑎 (B) (U+B – U+) 𝜓 (c1B)
(9)
It computes a linear estimation with U+ and this estimation is
modified by adding the estimat ion difference relatively to the
operator U+B adapted to each block B. For each block B = B Ǿ ,q
the estimator is U+B = U+Ǿ so (9) can be rewritten
𝑓 = U+y + Ǿ ϵ ϴ (U+Ǿ – U+) 𝜓 ( 𝑞 ϵ Ѓϴ 𝑎 (B Ǿ,q )1BǾ,q C) (10)
The generic linear estimator U+ does not incorporate any
prior knowledge concerning the signal regularity. In a
Bayesian framework, U+ is an estimator computed with a prior
Gaussian distribution whose covariance is not conditioned on
a particular block B. It can be computed from all the
covariances (R* BRB)-1 (R* Ǿ R Ǿ )-1 and from the probability
distribution of Ǿ, if it is known. For image interpolation, U+
can be chosen to be a separable interpolation which is nearly
isotropic, such as a bicubic interpolator.
IV. SPARS E MIXTURE ES TIMATION
The previous section explains to derive a mixing estimator
𝑓 of a signal 𝑓 fro m a mixture model of the input data y = Uf
+ w. Th is mixture model is calculated fro m the frame
coefficients c = ψy of y of and mixing coefficients 𝑎 (B)
defined over a family blocks B.
y = 𝐵 𝜖 ß 𝑎 (B)yB + yr with yB = 𝜓 (c1B)
(11)
The main issue is to compute mixing coefficients 𝑎 (B) wh ich
optimize the inverse problem mixing estimator 𝑓 . The mixing
parameters 𝑎 (B) should be close to 1 if the local signal
component yB has a quadratic regularity that is co mpatible
with the prior used to optimize the linear Tikhonov estimator
U+B and, hence, if 𝑅 ByB ‖ is small. A linear mixture
estimator could, thus, be obtained by min imizing the residue
energy ‖ 𝑦 r ‖ penalized by the signal regularity over all
blocks measured by
‖ 𝑅 B 𝑎 (B)yB ‖2 = 𝐵 𝜖 ß 𝑎 (B) 2 ‖ 𝑅 B yB ‖2 (12)
𝐵𝜖 ß
However, this approach does not take advantage of another
important prio r. For each frame vector indexed by, there is
typically only one b lock B wh ich includes p and whose
regularity operator 𝑅 B is compatib le with the regularity of y
over B. As a consequence, all 𝑎 (B) with 𝑝 𝜖 𝐵 should be close
to zero but one. According to the sparsity approach reviewed
in Section II, the quadratic prior norm on in (12) is, thus,
replaced by l1 an norm. M ixing coefficients are obtained by
minimizing the residual norm penalized by the ‖ 𝑦 r ‖ 2
resulting weighted l1 prior
1
Ɫ(𝑎 ) = ‖𝑦 - 𝐵 𝜖 ß 𝑎 (B)yB ‖2 + λ 𝐵 𝜖 ß 𝑎(B) ‖ 𝑅 B yB ‖2
2

(13)
The min imization of such a quadratic function of the unknown
𝑎 (B) penalized by their l1 norm can be computed with
standard algorithms, such as an iterative thresholding [55].
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As opposed to group lasso algorithms using mixed l1
and l norms, th is minimization does not only recover the
signal witha sparse set of blocks but it also regularizes the
decomposition by imposing a signal regularity within each
block. Moreover, it does not optimize a deco mposition
parameter for each frame coefficient but a single mixing
parameter per b lock. The blocks B should not be too large to
maintain enough flexib ility in the choice of the U+B. Ho wever,
each block B = B Ǿ,q of parameter Ǿ must also be large enough
and have a shape that is adapted to RǾ so that one can indeed
“observe” the signal has this specific regularity in B. The
means that the restriction of 𝑅 *Ǿ 𝑅 Ǿ over B must have
eigenvalues that decrease like the first eigenvalues of the
nonrestricted operator. For example, if U+B = U+Ǿ is a
directional interpolation in the direction of Ǿ and if RǾ
measures the signal regularity in the direction of Ǿ, then
evaluating this regularity requires to use blocks that are
sufficiently long in the direction of Ǿ. To minimize the overall
block size, one can use elongated blocks in the direction of Ǿ.
The estimation also depends upon each grid Ѓ Ǿ of the
position indexes of the blocks B = B Ǿ,q . To reduce this grid
effect, the estimation can be computed with several sets of
translated grids. Each grid is translated by several vectors :
{ Ѓ Ǿ,i }1≤i ≤I. Ѓ Ǿ,i = + г Ǿ,i . For each i, mixing coefficients
𝑎 i (B Ǿ,q ) are co mputed with b locks B translated on the grid
Ѓ Ǿ,i . The grids typically have a nonzero intersection and the
final estimator is obtained by averaging these mixing
coefficients
1 𝐼
𝑎 (B) =
(14)
𝑖 =1 𝑎i (B)
2

𝐼

V. COMPUTATIONS AND ORTHOGONAL B LOCK
MATCHING PURS UIT
To reduce the computation of mixing coefficients, an upper
bound of the Lagrangian (13) is computed fro m the frame
coefficients of f in each block. Efficient algorith ms have been
developed for l 1 minimizat ion but they remain slow for image
processing applications. An orthogonal block matching
pursuit algorithm is introduced to approximate the
optimization, with much less computations.
The Euclidean norm of coefficients in a b lock is written:
‖𝑐‖2 = 𝑝 𝜖 𝐵 𝑐(𝑝) 2
𝐵
For frame coefficients c = 𝜓y, we define a Lag rangian
1
Ɫ( 𝑎 ) = ‖𝑐 (1 - 𝐵 𝜖 ß 𝑎 (B)1 B ) ‖ 2 + λ/A2 𝐵 𝜖 ß 𝑎 (B)
2
‖ 𝑅 Bc ‖ 2
(15)
𝐵
where A is the norm of the dual frame operator 𝜓.
1
Ɫ1 (𝑎 ) = (‖ 𝑐 ‖2 - 𝐿𝑙=1 𝑒(c,Bl))
2

At each iteration, to min imize Ɫ1 (𝑎 ), an orthogonal block
matching pursuit finds Bl which maximizes e(c,B) among all
blocks that do not intersect with the previously selected
blocks. The resulting algorithm is described in the fo llo wing.
1) Initializat ion: set l = 0 and compute
2
∀B ϵ ß, e(c,B) = ‖ c ‖ 𝑝(𝑐, 𝐵 )2 and set 𝑎 (B) = 0 (16)
𝐵
2) Maxima finding
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𝑚𝑎𝑥
Bl = arg
e(c,B) and set 𝑎 (Bl ) = 𝑝(c,Bl )
𝐵𝜖ß
Energy update.

If e(c,Bl ) > T then eliminate all blocks that intersect with
Bl.
∀B ϵ ß with B ∩ Bl ≠ Ǿ set e(B) = 0 set l = l+1 and go
back to step (2).
Otherwise stop.
This algorith m stops when there is no sufficiently energetic

Fig.4 (a)

Fig.4 (b)

Fig.4 (c)

block co mpared to a precision threshold T, which is typically
chosen to be proportional to the noise variance. In the image
interpolation nu merical experiments, we set T = 0 because the
noise is neglected.
VI. RESULT S
In this section, we ﬁrst demonstrate the SR results obtained by
applying the previously mentioned methods and our method
on different images. Then we show PSNRs and RMSEs of all
SR methods.

Fig.4 (d)

Fig. 4 (e)

Fig.4 (f)

Fig. 4 shows results for Girl image.
Fig.4 (a) is down-sampled version of o rig inal image. Fig.4 (b) is High-Resolution image obtained fro m Nearest Neighbour
Interpolation method. Fig.4 (c) is High-Resolution image obtained fro m Bilinear Interpolation method. Fig.4 (d) is HighResolution image obtained fro m Cubic Spline Interpolation method and Fig.4 (e) is High-Resolution image obtained fro m SME
method and Fig.4 (f) is the orig inal High-resolution image.

Fig.5 (a)

Fig.5 (b)

Fig.5 (c)

Fig.5 (d)

Fig.5 (e)

Fig.5 (f)

Fig. 5 shows results for Flo wer image.
Fig.5 (a) is down-sampled version of o rig inal image. Fig.5 (b) is High-Resolution image obtained fro m Nearest Neighbour
Interpolation method. Fig.5 (c) is High-Resolution image obtained fro m Bilinear Interpolation method. Fig.5 (d) is HighResolution image obtained fro m Cubic Spline Interpolation method and Fig.5 (e) is High-Resolution image obtained fro m SME
method and Fig.5 (f) is the orig inal High-resolution image.

Fig.6 (a)
Fig.6 (b)
Fig.6 (c)
Fig.6 (d)
Fig.6 (e)
Fig.6 (f)
Fig. 6 shows results for Bird image.
Fig.6 (a) is down-sampled version of o rig inal image. Fig.6 (b) is High-Resolution image obtained fro m Nearest Neighbour
Interpolation method. Fig.6 (c) is High-Resolution image obtained fro m Bilinear Interpolation method. Fig.6 (d) is HighResolution image obtained fro m Cubic Spline Interpolation method and Fig.6 (e) is High-Resolution image obtained fro m SME
method and Fig.6 (f) is the orig inal High-resolution image.
Table 1
PSNRs of reconstructed images using different methods.

Girl Image

Nearest Neighbour
Interpolation
23.9094
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Bilinear
Interpolation
24.9193

Cubic S pline
Interpolation
29.8088

SME SR
30.3110
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Flower Image

28.6315

29.7559

33.2613

33.6437

Bird Image

25.5594

27.1435

29.2133

30.4222

Table 2
RMSEs of reconstructed images using different methods.
Bilinear
Interpolation
14.4736

Cubic S pline
Interpolation
8.2433

SME SR

Girl Image

Nearest Neighbour
Interpolation
16.2582

Flower Image

9.4398

8.2936

5.5396

5.3010

Bird Image

13.4452

11.2039

8.8283

7.6812

VII.
CONCLUSIONS
In this paper we introduces a new class of adaptive estimators
obtained by mixing a family of linear inverse estimators,
derived fro m different priors on the signal regularity. M ixing
coefficients are calcu lated in a frame over b locks of
coefficients having an appropriate regularity and providing a
sparse signal representation. Experimental results demonstrate
the effectiveness of the this approach for different images.
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